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PHYSICOMATHEMATICAL MODELS FOR THEORIES
OF NONDESTRUCTIVE TESTING OF
THERMOPHYSICAL PROPERTIES

V. P. Kozlov, N. A. Abdel’razak, and UDC 517.968
N. L. Yurchuk

The present work is devoted to the solution of some two-dimensional unsteady heat conduction problems for
an infinite orthotropic cylinder with boundary conditions of the first- and second kind with a circular
discontinuity line of temperature and specific heat flux. A solution of the two-dimensional unsteady heat
conduction problem for an orthotropic cylinder is obtained with the aid of Laplace-Hankel transformations.

The recent years a great deal of attention has been paid to investigation of heat transfer in different bodies
having local heat sources of different configurations on their surfaces [1-22]. Solutions of steady-state heat
conduction problems of this type have been analyzed in detail in previous fundamental studies [2, 3]. The
increasing interest in unsteady heat conduction problems for finite and semifinite bodies is due to the fact that
solutions of these problems can find use in various theoretical and practical applications.

Of interest is the case of the distribution of the temperature fields in cylindrical axisymmetrical regions
when the boundary conditions over the surface (z = 0) are determined as a Hankel integral for the Dirac delta

function:
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. 0 (Pro) 1
Hy 3,p) =lim [ rlg (pr) g, (1) dr = 52, M
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where a unit density of heat flux is
S S— rpsrsrpte
nry+ee’ 07700
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Formula (1) will be adopted to prescribe the unit density of heat flux at some point over a body surface.
We now consider some physicomathematical models.
Problem 1. It is necessary to solve a differential heat conduction problem of the form

aT(r, z, 1)
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l_a_,.aT(r?z’T) +aT(r:z:T)
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(O<sr<R, 0<z<h, t>0) (1.1

under the following initial

T(r, z, 0) =Ty = const (1.2)

and boundary conditions (see Fig. 1)
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Fig. 1. Schematic representation of combinations of boundary conditions
(1.3)-(1.5) over the surface of an infinite orthotropic cylinder: 1) T(r, 0, 7) =
TAr,©), 2) oT(R, z,7)/9r = —ar/AAT(R, z,7v) — Tol, 33T(r, h, 1)/ 9z =
—ap/AT(r, by 7) — Tl

T(r,0,7)=T,(r,7) Osr<R, z=0, 1>0), 3
oT ay
3;2=h=—1-;[T(r,h,r)—T0] O<r<R, z=h, t>0), (1.4)
oT ag
7r_r=R=——[r-[T(R,z,r)—T0] (r=R, 0<z<h, t>0), (1.5
= (1.6

=0 (r=0, O0<z<h, 1>0).

ar =0
A solution of the two-dimensional heat conduction problem (1.1)-(1.6) for a finite cylinder obtained with
the aid of Laplace-Hankel transformations has the following form for the transform:

ToRI) (PR) _ &
Ay

— — Ty
Ty @, z, ) ~ > _{rfo(pr) T,(r, s)——|drx

VK p* + s/a, ch [\/Kap2 + s/a, (h — z)] + a,/A, sh [VKapz + s/a, (h ~ z)]
X , L7
VK p* + s/a, ch [\fKap2 +s/a, h] + a,/A, sh [V Kp? + s/a, h]

where

— R ®
Ty, z, s)=frJo(pr)fT(r, z, 1) exp (— st) dvdr;
0 0

Tv(r, s)=7Tv(r, 1) exp (— st) dr.
0

The inverse Hankel transform for (1.7) is as follows

2 2 Sy () T (Pns 25 9)
= 2

-1 = —
H [Ty, z, )=T(r,z,s)= > 2 ,

where u, = p,R are the roots of the characteristic equation

Hnl 1(n) = BigJo(p,) = 0
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where Big = agR/A, is the Biot number.

When the thermophysical characteristics in the corresponding directions are equal, i.e., 4, =1; =1 and q,
=a, =a (K, = 1), Eq. (1.7) represents a generalized solution of the two-dimensional unsteady heat conduction
problem for an isotropic cylinder.

As an example of a particular application of the initial solution (1.7), we shall solve a two-dimensional
unsteady heat conduction problem for a finite orthotropic cylinder under the following boundary conditions.

The initial temperature of the finite orthotropic cylinder is Tp. The initial temperature is assumed to be
constant over the surface (z=h,0<r< Randr=R,0< z< h),ie., T(r, h, 1) =T(R, 2, 7) = Ty. On the surface
(z=0, 0 < r < R) the function T(r, 0, 1) = T, (r, 1) is prescribed.

It is necessary to determine the two-dimensional temperature field 7'(r, z, 7). Applying solution (1.8) for
the case of ap, agp = = (Big, Big » »), we arrive at

_ T-RJ: (DR sh Vsz-!-s/a (h—2)| R _ T
T B MR Gl e Ty =) dr. 08
ps sh [V Kap2 + s/a, h] 0
In this case, the inverse Hankel transformation for solution (1.8) is as follows
- - _ 2 = J r) —
H l[TH(p,z,s)]=T(r,z,s)=——— L(’l—)—TH(pn,z,s), (1.8a)

RE =1 7 (p,R)

where p,R = u, are the roots of the equation Jo(u,) = 0.
Using the inverse Laplace transform, solution (1.8) for the inverse transform T'(r, z, ) may be written as

y
o Y0¥ pR) ¢
a 2 af
T(r,z,0)-To=—=3 — Jexp |—pn—
hn=1 J{(u,) O
9 h—z| a 2 R P
X — 8, m—’f = [ iy g =] 1Tg = Ty (x. 7 = ©) 1 dxdE , (1.9)
9z h KJR 0
where 6¢(v/7) is the theta-function [6, 22].
If the boundary conditions are set in discontinuity form
— Tg
_ T, | v )= n>r>rn; (1.10)
T(r, z, s)lz__.o—-s—=
0, rn<r<Rand 0=sr<y,
solution (1.9) is as follows
r
oped
a [ ] R T 2ar€
T(r, z, r)—TO——i Z —Z——Iexp — Uy | X
hn=t J{(u,) © R
o (h—z| agf) 2 " x 1.11
X —0y |— m—f — Jxlg fuy—=| [Tg =T, (x, T = &) 1dxd§. (1.1H
dz h h ) R

At R - o from (1.11) we obtain a solution for an infinite orthotropic plate under initial conditions (1.2):

2, ("‘z (1.12)

h

at) "l e rx
UZ—] [ xexp |- — 10[——‘——} [Ty —T,(x, T —8)]dxdf.
az h

21 dafk| " |2ak
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Fig. 2. Idealized physical model of semi-infinite body with a circular heat
source on its surface (z = 0, O0sr<rp): 1) T(,0,7) = Ty, z = 0,
rn<r<o;2)T(r0,1)=Tyr, 1), (z=0,0=r<r).

Solution (1.12) for the Laplace transform T (r, z, s) is written in the form (s is the Laplace transformation
parameter):

sh h-2) \/s+a,,o2
— Ty © a, 1 _ T,
Ty (r, z, 5) = — = [ pJo (pr) “ [ &g (px) Ty (x, 5) = | dxdp. (113)
s 0 sh {——h— Vs + a,pz} 0
Va,

At h > o from (1.13) we obtain a two-dimensional unsteady solution T»(r, z, s) = lim Ty(r, z, s) for a
semi-infinite orthotropic body under initial (1.2) and boundary (1.10) conditions h e

) r
72 (r, z, s)— o = [ pJy (pr) exp lf —-‘/ZL- Vs + arpZ:I I xJy (px) [7“, (x, 8) — %:' dxdp . (1.14)

A 0 a z o

Applying inverse Laplace transformation to (1.14), we arrive at

T 1 rZ ZZ
T,(ryz, 1) —Ty= Z f exp |- - X
P Vi a Ve 087 | et 4as
r
Xflxexp - xz Iy rx [T, (x, T —&) — Tyl dxd§ . (1.15)
0 da & 2a, &

If the inner radius rq of the circular region tends to zero (rg - 0), we obtain the following two-dimensional
unsteady solution from (1.15) for the semiinfinite orthotropic body with initial (1.2) and boundary (1.10) conditions
at rg = 0 (see Fig. 2):

z 1 AR
Ty(riz, 1) =Ty = f exp [— |—+—| —| X
4Vnra, a, 0 !;5/2 a,  ap| 4

I'l 2
X rx
X - | T - ) - .
_gxexp ( 4a,£] Iy [2a,£] (T, (x, T~ &) — Ty)dxdé
Assume that the excess temperature in the circular region (0 < r < r|) over the body surface (z=0) is
constant, i.c., T\{r, 1) — To=T, ~ Tog=const (Ty = T,). Then it is easy to obtain an expression for the temperature
difference Ty(r, z, 1) — Ty in the form
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Th(r,z, 1) —T *® zV v
Z(T 7? 0= f 0 —x Jy (x) ] exp ————&Lx erfc AL A
- 10 0 l rl 2 ar fl
Vv z v
+ exp —u(lx erfc +-—gf1x dx.
ry 2Vaz ry

At r = 0 we obtain a solution for T(0, z, ) on the axis z =z O:

1 ry zzKa
+ 5y erfc +\/ 1 +—=
2Vazr ry 2Vazx
v 1+ 2
z K

a

Ty(r,z,t)—T

z
€ = erf
TO_Tc

The result of solving Problem 1 can be used for the development of nondestructive methods of determination
of the thermophysical characteristics of various materials [1, 6, 24, 25].

Problem 2. It is necessary to solve differential heat conduction Eq. (1.1) for a finite cylinder under initial
(1.2) and boundary (1.4)-(1.6) conditions. Instead of condition (1.3) on the surface z = 0 we have the following
boundary condition

T(r,z, 0| _9T(,0,7)_ _q(r,7) (2.1)

3z =0 dz A

0 <r<R,z=0,1>0), where q(r, 7) is the heat-flux density on the surface (see Fig. 1 on prescribing condition
(2.1) instead of (1.3)).
A solution of Problem 2 for a finite orthotropic cylinder obtained with the aid of Laplace-Hankel

transformations has the following form:
ToRJ; (PR) If rlo (pr)q (r, s)dr g
ps 0 A, VKp? + s/a,

By @, z,8)=Ty(p, z, s) -

VK p? + s/a, ch [\/Kapz +s/a, (h— z)] + ay/A sh [\/Kapz +s/a, (h - z)]
X _ (2.2)
\/Kapz + s/a, sh [V Kap2 + s/a, h] + a,/4, ch [V Kapz + s/a, h]

We now prescribe boundary conditions (2.1) on the surface (z = 0) as

qi\r, § .
0T (r, z, §) - z at n>r>ros 2.3)
0z z=0 0 at ry<r=R and 0=r<ry,
the heat-flux density g(r, 1) = g(1) (v is time):
- q (s

G @0 ) = T2 1ridy (o) = ol (ro)], @4

L -
Llg®)]= [Q (TL Q O N q(s), (2.5

b4 (rl - ’0) T (r, - ’0)

where Q(1) is the absorbed thermal energy from an annular heat source. If ro - 0, then formulas (2.4) and 2.5
can be represented in the form
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ay (P, 9)—0(5)”‘-’1 (P’l)—g‘i‘lfl (pry)

nnp

where

79 =28 @.6)

nry

Assume that the initial temperature distribution inside the body is constant, Ty = const. In (2.6), @(s) =
L{Q() ]is the absorbed thermal energy from an annular heater in the Laplace transform.
Using Hankel transform (1) for the d-function in the case of ro < R, < rj < R, we obtain a value for

-q_H(P» S)

R r
T, )=[rig@NG(r, H8(r—RYdr=[riy(r)G(r, 5)é (r— R) dr =
0 o
= RC "0 (pRc) q (Rc ’ S) = %(rﬂjo (pRC) N (27)
where
TR, 5) = %%l. 2.8)

In (2.7) and (2.8) heat is transferred across a circumference with radius » = R, < R on the surface z = 0
of a finite orthotropic cylinder with a linear heat-flux density (2.8). The remaining surface z=0, r< R and r &
[R;, R, + €] is heat insulated. In (2.7) and (2.8), _Q—(s) = L[Q(r]is the Laplace transform for the absorbed energy
of a linear source when its length is 2R .

At R, - 0 from (2.10) we obtain a value of gg(p, s) on the boundary surface z=0, r < R and r & [0,
0 + ¢] for a point heat source at the coordinate origin (r = z=0):

T, $) = %(51 (2.9)

where Q) = L [Q(s) ] is the thermal energy of the point heat source.
We obtain corresponding solutions of (2.2) for the interesting cases gy (p, s) by using formulas (2.4), (2.5),

(2.7), and (2.9).
Applying solution (2.2) for the case of ay, a; » «, we arrive at

th—2)
?r]o(pr)ﬁ(r, s)dr Sh{ VI Vs + a,p ]
By, z, 5) = TH ,z,s - ToR7, (PR) =20 2z : (2.10)
ps bVs+apr  ch H— m;:pfj
aZ

The inverse Hankel transform for solution (2.10) can be obtained by formula (1.8a).
A solution for the inverse transform (2.10) L{8(r, z, s) ] =8(r, z, T) is obtained in the following form

r
JO(/‘n )
a hd R) < 2 a
BH(r,z,t)=T“(p,z,r)—T0=—zE———————fexp ~,un——’§— X
MZI!:l chun) 0 R
h—2z a 2 R X 2.11)
X0 |——| in S| 5 g (g =] ¢ (x, T - &) dxdE, (2.
2h h R” o0 R
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where 6,((h — z)/h*\ita£/h?) is the theta-function [26].
If boundary condition (2.1) on the surface z =0 (R < r < 0) of a finite orthotropic cylinder is prescribed
in the form of (2.3), then solution (2.11) can be represented as

Jo (,un ;)
T — =—— o —
(r,z,7) ) ’?::l Jl fGXp ( 7 Rz] X
x 6, ( ] f’“o /‘nR] q(x, v —§)dxdt, (2.12)

where u,, are the roots of the equation Jo(u,) =0
At R » o, we obtain from (2.12) a solution for an infinite orthotropic plate under initial conditions (2.3)

and T(r, h, ©) = Tg

. a, %1 7
llm [T(ry z, T)—T()]:TI(T,Z, T)—To=m{-§exp ...4_az X
zr

R+
X 6 h—z in aZE fxexp ——x-z-— Iy |52 qg(x, v—§&) dxdt (2.13)
1 2}1 h 4[1,15 Y 2(1’5 ! '
Solution (2.13) for the Laplace transform 7‘1 (r, z, s) is written in the form
sh K%Z Vs + a,p2
To 1 % ply(pr) a, 1 -
T(r,z,8)——=+ [ %Iy (0x) 3 (x, s) dxdp . (2.14)
S b0 Vivar a|EVviTat| n

a,

At & - o from (2.14) we have the following two-dimensional nonstationary solution for a semiinfinite
orthotropic cylinder under initial (1.2) and boundary conditions (2.3):

im [Ty (r, z, ) = Ty/s1=Ty(r, z, §) = Ty/s =
h

L <2 ply(pr) =2 " - 2.15
=— exp Vs+ap?| [ xJy(@x)7(x, 5) dxdp. (2.15)
b, 0 Vs + ap? Va, o o 0

Applying the inverse Laplace transformation to (2.15), we obtain the two-dimensional temperature field
Ty(r, z, 7) for a semi-infinite orthotropic cylinder under initial (1.2) and boundary (2.3) conditions:
2 2

1 P r z | 1
Tz(r,l,r)—T():————-———j exp |— —_ 3 —| x
2VT ba, 0 £

£ a, a,| 4

r 2
X ;{ X exp (— 42—'}’__] Iy [iraxz) g(x, v - &) dxdk. (2.16)
0

Solutions and investigations of two-dimensional unsteady heat conduction Problem 2 at ¢(r, 1) = ¢(1) over
the surface z = 0 of different bodies have been carried out in [1-5, 7-18, 20-22, 24, 25].

In (19], an investigation is made of heat transfer in a semiinfinite (in a thermal sense) body when the
specific heat flux g(r, v) over the body surface (z = 0) in the circular region (r = ro) is equivalent to ¢(r, T) =
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Fig. 3. Idealized physical model of semi-infinite orthotropic body having a

source with a heat flux of linear concentration at the periphery (+ = R, z =
0: 1) gulp, » = Q@) 2nlo(p, R, r = Rg; 2) 9T(r,0,7)/9z = 0,
ré€ [Re, R, + €.

pWo(r) exp (—rz/r(z)), where p is the absorptivity, Wy(r) is the power of the laser source and ry is the radius of a
laser beam.

In the present work, Problem 2 (solutions (2.15) and (2.16)) is considered for the following cases.

1. The heat source g(x, 1) = L [g(x, s)] is located at the point (» = z = 0). Then according to (2.9):

- 0 (s)
g, s)= IR
where Q(s) = LIQ(®) ] = f exp (—s7)Q(r)dr. Solution (2.15) is written in the form
0
Ty 0 (s)

€xp (- VzZKa+r2 \/E/\/'a_,>
52(r,z,s)=?2(r,z,s)——s—= X X
Zmlz\/K—a VZZKa'f'?

Determining the temperatures on the surface z = 0 at r = R;, r = R; and their differences
B1(s) — B(s) = To(Ry, 0, 5) — 7‘2(R2, 0, 5), it is easy to derive a formula for thermal diffusivity a,:

where (R; — Ry) is the distance between temperature-sensitive measuring elements on the boundary surface (z =
0) of a semi-infinite orthotropic body; F;(r) and F,(r) are determined by the following integrals:

BE=[6-20 000,

1
Vi—t

Under steady-state conditions (r - ) it is easy to derive a formula to calculate the complex A,VK, =

AVK:

Fi (@)=

(=3

{
{01 ()6, (¢t - £) dEdt .

. Q (R; — RY)
AV K = AT, (=) ( RRy } '
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where AT() = To(Ry, 0, ®) — Ty(R3, 0, ®) =61(®) — 6,() is the stationary value (z -» «) of the temperature
difference at points r=Ry, z=0and r=R3, z= 0; Qg = const is the constant energy source at the point r=z=0.
For an isotropic body K,=Kj =1, a,=a,=a, A, =4, =4,

II. The heat source g(x, 7) = L_l[q(x, s) ] is on the circumference (r = R, z = 0) (Fig. 3).

For this case, solution (2.15) is written as

T - QM7 I z z
T,(r, z, 8) To/s-anzgp./o(pr)lo(pRc)exp 7—(—1:\/s+arp /\/s+arp dp.

The represented physicomathematical models of unsteady heat conduction with discontinuous boundary
conditions on the surface of the tested object allow the development of numerous methods of nondestructive testing
of thermophysical properties of various materials.

Local heat fluxes can be formed with the aid both of conventional electric heaters and lasers and electron-
beam energy sources. The main difficulty that is encountered in implementation of theoreticophysical measurement
by the described methods is that of ensuring precise measurement of surface temperatures at some point or in a
definite region on the surface. Recent advances in the design of heat imagers make it possible to measure sufficiently
precisely the temperature over the surface by noncontact methods.

The authors believe that the methods of nondestructive testing of thermophysical properties based on the
above or similar solutions of the heat conduction equation with discontinuous boundary conditions are most
promising and can find application in the design of thermophysical equipment.

Modern microprocessor units equipped with analog-digital converters allow one to automate easily all meas-
urements and calculations.

NOTATION

s, parameter of the integral Laplace transformation; p, parameter of the integral Hankel transformation;
Qy, Az, A, A5, K,, thermal diffusivity and thermal conductivity along cylindrical coordinates; aj, ag, heat transfer
coefficients on the end and lateral cylinder faces. &, b,, thermal activity; Bip, Big Biot number; Jo(pr), Ji(pn),
Bessel functions of the zeroth and first order; Ip(x), modified first-kind zeroth-order Bessel function; wg (),
intensity (density) of laser radiation (W/ m3); p, absorptivity of an opaque body; K, = a;/ az; K} =4,/1,, parameter
characterizing the ratios of thermal diffusivities and thermal conductivities in the corresponding directions relative
to the cylindrical coordinates r, z; Ry, R3, inner and outer radii of the circular heat source; ¢(r, 7), specific heat
flux at z = 0; 6;(r, z, 7) = Ty(r, 2, 7) — Tg, Oa(r, 2, T) = Ta(r, z, v) — T, excess temperatures; erf cx, probability
integral.

REFERENCES

1.  V.P.Kozlov, Two-Dimensional Axisymmetrical Nonstationary Heat Conduction Problems [inRussian ], Minsk
(1986).

2. V.P.Kozlovand A. V. Stankevich, Inzh.-Fiz. Zh., 47, No. 2, 250-255 (1984).

V. P. Kozlov, Inzh.-Fiz. Zh., 47, No. 3, 463-469 (1984).

4. A.G. Shashkov, A. V. Stankevich, and V. P. Kozlov, Inventor’s Certificate No. 1300363 (USSR). Devices for

measurement of thermophysical characteristics of materials, Byul. Izobret., No. 12, 176 (1987).

V. N. Lipovtsev and V. P. Kozlov, Izv. Akad. Nauk BSSR, Ser. Fiz. Energ., No. 4, 40 (1984).

A. G. Shashkov, G. M. Volokhov, T. N. Abramenko, and V. P. Kozlov, Methods to Determine Thermal

Conductivity and Thermal Diffusivity [in Russian ], Moscow (1973).

V. P. Kozlov, Inzh.-Fiz. Zh., 50, No. 4, 659-666 (1986).

A. G. Shashkov, V. P. Kozlov, and V. N. Lipovisev, Inzh.-Fiz. Zh., 50, No. 3, 458-464 (1986).

V. P. Kozlov and V. N. Lipovtsev, Inzh.-Fiz. Zh., 50, No. 2, 287-294 (1984).

V. P. Kozlov and V. S. Adamchik, Inzh.-Fiz. Zh., 50, No. 5, 825-859 (1986).

W

o

S v

826



I
12.
13.
I4.

I5.
16.
17.
18.
19.
20.
21.
22,
23.
24,

25.
26.

A. G. Shashkov, V. P. Kozlov, and A. V. Stankevich, Inzh.-Fiz. Zh., 50, No. 6, 1007-1013 (1986).
V. P. Pissarik, Prom. Teplotekh., 9, No. 2, 96-102 (1987).
A. G. Shashkov, V. P. Kozlov, and A. V. Stankevich, Inzh.-Fiz. Zh., 50, No. 2, 303—399 (1986).

A.G.Shashkov, V. P. Kozlov, and A. V. Stankevich, Izv. Akad. nauk BSSR, Ser. Fiz.-Energ. Nauk, No. I, 50-56

(1986).

A. G. Shashkov, V. P. Kozlov, and G. N. Pissarik, Inzh.-Fiz. Zh., 50, No. 4, 659-667 (1987).
A. G. Shashkov, V. P. Kozlov, and A. V. Stankevich, Prom. Teplotekh., 8, No. 6, 89-94 (1986).
A. G. Shashkov, V. P. Kozlov, and G. N. Pissarik, Inzh.-Fiz. Zh., 52, No. 5, 833-837 (1987).
V. P. Kozlov, V. N. Lipovtsev, and G. N. Pissarik, Inzh.-Fiz. Zh., 52, No. 6, 1004-1010 (1987).
V. P. Kozlov, Inzh.-Fiz. Zh., 54, No. 3, 484-493 (1988).

V. P. Kozlov, V. S. Adamchik, and V. N. Lipovtsev, Inzh.-Fiz. Zh., 58, No. I, 141-145 (1990).
V. P. Kozlov, V. S. Adamchik, and V. N. Lipovtsev, Inzh.-Fiz. Zh., 57, No. 6, 999-1005 (1989).
V. P. Kozlov, V. S. Adamchik, and V. N. Lipovtsev, Inzh.-Fiz. Zh., 57, No. 5, 837-848 (1989).
H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids, Oxford Univ. Press (1959).

V. P. Kozlov, Abstract of Doctoral Thesis, Scientific Production Association "Sun”, Acad. of Sciences of the

Turkmen SSR, Ashkhabad (1989).
V. P. Kozlov and V. S. Adamchik, Inzh.-Fiz. Zh., 58, No. I, 141-145 (1990).

G. Bateman and A. Erdelyi, Tables of Fourier, Laplace, Mellin Integral Transforms [Russian translation ],

Moscow (1969).

827



